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AHHOTaq&fx-MeTOnaMn npr4MeHeHaH +~ymqam 0T MaTpMq pemeHa KpaeBaJx aafiasa fim 
CHCTeMbI ~I@N$epeH~ZIaJlbHlJX J'paBHeHIiti ItepeHOCa tIpI HaJlR41111 ABYX B3aMMOCBR3aHHbIX 
IIOTOHOB 0606WeHHbIX3apHJ&OB. 

B IIpaBbIX YaCTRX CEiCTeMbI J'paBHeHHZt IIepeHOCa BBeAeHbI AOJIOJIHHTeJIbHbIe CJIaTaeMbIe, 
HOTOpbIe 3aBHCRT JfHHCtHO OT HeM3BeCTHblX IIOTeHI{A~OB $lJ'HIElfI42t paCnpeneJleHIWl 

0606IQeHHbIx BapfzAoB. 

NOMENCLATURE The system of equations (1) describes the 
space co-ordinate; differential law of the mutual influence of 
time ; transient distribution fields of generalized charges 
variables of integration; (heat, matter, electricity, etc.) on the transport 
square matrix of the second flow of each component. Analytical solutions of 
order ; system (1) obtained for various boundary con- 
column matrices; ditions enable a thorough study to be made of 
eigenvalues (spectra) of matrix A; the transport mechanism of generalized charges 
single square matrix. at their mutual superpositions. 

The development of various methods for 
THEORETICAL investigations of transfer pheno- solving boundary conditions of system (1) is 
mena with two interdependent flows of general- thus of theoretical and practical interest. 
ized charges inside a conductor depend on solu- Let a semi-infinite three-dimensional medium 
tions of a system of parabolic type differential with two degrees of freedom be a conductor of 
equations [2] : generalized charges. It is necessary to find 
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functions Ui (x, y, z, t) and Us (x, y, z, t) satisfy- 

-- = all V2 UI + a12 Vs UZ + bll UI r(. ing system (1) and the following second order 
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boundary conditions. 
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u, (X,Y, z, t) It=0 =h (.G Y, 4 

at = a21 V2 UI i- a22 V2 U2 -+- b21 UI auj 
= h (Y, z, f) (j = 1>2> 

+ bzz U2 
%x t-0 

or (0 <x < co, - CO <y, z < a, 

where then system (1) in matrix form takes the form: 
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For differential equation (4) the initial and 
boundary conditions will be 

U(x, Y, z, t) It=0 =.I-(.% Y, z) (5) 

where 

Let 

u(x, Y, z, t) = eBt v(x, y, z, t) (7) 

then equation (4) may be written as: 

fLAV”V 
at 

For differential equation (8) in a matrix form 
the boundary conditions will be 

V(x, y, z, t) It=0 =f(x, Y, 4 (9) 

aV - I ax $4J 
= e-Bt q2 (y, z, t) (10) 

The solution of differential equation (8) at 
boundary conditions (9)-(10) is known: 

To determine the solution of the basic boundary 
problem of system (1) at boundary conditions 
(2)-(3) it is necessary to find elements of the 
single column matrix on the right-hand side of 
equation (12). 

Let us set up characteristic determinants for 
matrices A and B : 

Let hl, A2 and ~1, ~2 be roots of characteristic 
equations (13) and assume these numbers to be 
real and different. 

Consider the arbitrary function F(h) and the 
corresponding function of the matrix F(A). For 
the real and simple roots Xl, h:! the basic 
formula for the matrix F(A) assumes the form 

t31: 
F(A) = E(h)& + J-(Az)Zz (14) 

Matrices Zr and Za may be completely specified 
by defining the matrix A and are independent 
of the choice of the function F(X). 

V(x3.h z, r> = 
(x - “)2 + (Y - 8>2 + (z - r>” _- 
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0 --co --oo 

[l+exp(-$1 
(11) 

I 
x2 + (y - ‘Qy + (z - rj2 

4/4(t - 7) I 
exp (- Bd P (B, Y, 7) d7 dB dr 

On the basis of formula (7) we get 

m 03 ‘32 

’ cxY Y, ‘9 t> = [&)3] (x - aI2 + (Y - P>” + (z - 7)’ 1 __- -- 
4At I 

0 --m-cc I 

[l +ev i-z)] 
1 1 

eBt f (a, BY Y) da dP dy - 4d~r~ 
(12) 

int-_ aAj 

g2 + (v - PI’ + (’ - y)2 exp eB(t--7) q (6, y, T) dT d/j dy 

4A(t - T) I 
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To define the matrices Zt and ZZ take in 
sequence A - X1, h - As instead of F(h), then 
we get : 

ij A - A:, E ij = (XI - hs)Zi, 

i/ A - X1 E /j = (AZ -.- Al) 22. 

Introducing values of Zr and ZZ into formula 
(14) we have: 

F(h) - 

(15) 

For the matrix B the arbitrary function F(B) 
will be represented in a similar way: 

F(B) =P1l, i I! B - ~a E: II &z) - 

II B .- PI E I/ F(Pz) (16) 

In formula (16) assume F(B) = ee@-7) and 
calculate the product of the matrices F(B)4 
(A Y, 7): 

where 

v; = {@11 - CLZ) exp [w 0 - 41 - @II -. w) exp 1~2 0 - 411 ypl + 
(h2 {exp b2 (f - 4 - exp lp2 (t 

CPZ, = @21 kv [PI 0 - 41 - exp b2 (t -+I>) ~1 + W22 - ~2) 

exp Ep1 (f - +I - @22 - PI) exp Cp2 0 

Let 

1 
F(A) = Qvj exp I x2+(Y-18)2+(z-Y)2 

- 
4A(t - T) 1 

then, on the basis of formula (15) we have: 

F(A). I___..; ” v: j _ -.- l 
Pl - I4 ! qJ; :: - (A2 - h2) (CL2 - ta 

Where 

(19) 

1 (20) 

Thus, formula (19) expresses the matrix integrand in the second term of solution (12). 
Similarly, the elements of the single column matrix in the first term of formula (12) are 
determined. 

Finally, comparing the matrix elements in both hand sides of equation (12) we obtain: 
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where 

(j= 1,2) 

f:, = (a11 - h2)fT + al2f:, .r;, = - [(a11 - hl)fT + a12ff], 

f T = I@11 - ~2) exp (M) - (h1 - PI) exp (~2t)l.fi + (612 bp (w) - q (p2~)l}f3, 

f H = {hi kw &if) - exp (p2t)l)fi + U22 - ~2) exp (p2t) - (b22 - pl) exp (P2f)1 f2, 

Formula (21) gives the solution of system (1) 
at boundary conditions (2)-(3) when the roots 
of the characteristic equation of the matrix A 
are positive and different. 

The same solution is valid for the case when 
the characteristic equation roots are multiple. 
Moreover, instead of formula (14) the following 
should be taken: 

F(A) = F(ho) Z1 + z (22) 

where ho is the multiple root of the character- 
istic equation of the matrix A, Z1 = E, Z2 = 
I/ A - XoE Il. 

Assume that transport of generalized charges 
inside a conductor occurs without mutual super- 
position, i.e. ~12 = ~21 = 0, bl2 = b21 = 0. The 
classical solution of a heat-conduction (diffusion) 
equation can be easily obtained from equation 
(21) for the generalized charges without super- 
position. 

NOTE 
The above method of the function of matrices may be 

applied to system (1) for semi-infinite conductors (for 
classical bodies: sphere, cylinder, plate, etc.). 

In a later work the boundary problem will be solved 

for a system of differential equations of molecular 
transport for the case of a three-dimensional anisotropic 
conductor of generalized charges. 
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Abstract-The boundary problem for a system of differential transport equations with two inter- 
dependent flows of generalized charges is solved by using methods of the function of matrices. 

Additional terms which depend linearly on unknown potentials of distribution functions of general- 
ized charges, are introduced into the right-hand side of the system of transport equations. 
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R&arm&--Le probleme aux limites pour un systbme d’equations differentielles de transport avec deux 
flux interdependants de charges generalist% est resolu en utilisant les methodes des fonctions matri- 
cialles. 

Des termes additifs qui dependent lineairement des potentiels inconnus de fonctions de distributions 
des charges generalisees, sont introduits dans les seconds membres du systeme d’equations de 
transport. 

Zusammenfassung-Ein Grenzproblem ftir ein System von differentiellen Transportgleichungen fur 
zwei von einander abhlngigen Mengenstromen beliebiger Ladung wird mit Hilfe von Matrizenfunk- 
tionen gel&t. 

Zusltzliche Ausdriicke, die linear von unbekannten Potentialen der Verteilungsfunktionen der 
beliebigen Ladungen abhangen, werden auf der rechten Seite des Systems der Transportgleichungen 

eingeftihrt. 


